INTR~DucTI~N
Let Q be a simply connected domain in the extended complex plane @* containing the point at infinity. We consider univalent harmonic orientation-preserving mappings f = u + iv from the exterior A = @ *\ 0 of the unit disk U onto s2, which keep infinity fixed. Then by [S, Lemma 3 .11, j is of the form f(z)=A(z+Bz+Cln~z~'+h(z)+gO), (1.1) where h(z) =CFZO ukz k and g(z) = C;= I hkz~-k belong to the linear space H(d) of analytic functions on A. The set of all univalent harmonic orientation-preserving mappings with factor A = 1 in (1.1) is denoted here by C,. Furthermore [3] , f is a univalent solution of the partial differential equation .E=4fz, (1.2) where a belongs to H(A) and satisfies la(z)1 < 1 for all ZE A. The function a is called the (second complex) dilatation function ofj: Conversely, each nonconstant solution of (1.2) is an orientation-preserving (not necessarily univalent) harmonic mapping on A and can be expressed in the form f = @O S, where S is a diffeomorphism of A and @ is in H(S(A)). For more details, see [S] . If, in additionfis univalent, thenf, does not vanish on A. In this paper we investigate existence and uniqueness of univalent harmonic mappingsffrom A onto Q with given dilatation function a and with f( co) = co. Then the factor A in the representation (1.1) is different from zero, and the factors B and C depend only on a and the argument of A, but not otherwise on the mapping,f: Indeed, if a(z) = C,"= 0 zkzPk, then we have B = cx, A/A and C= CcrOa, +~,AIAII[l-ld21, (1.3) from which it follows that IBI = lcl(J < 1 and ICI 6 la,l(l + la,l)/(l -la,l')< 1 + l%l <2. (1.4) For bounded mappings defined on the unit disk U, we have shown in [3, 21 the following theorems.
THEOREM A. Let Q he a bounded simply connected domain in @, containing the origin, whose boundary is locally connected, and let a E H(U), la(z)1 < 1 for all z E U, be given. Then there exists a univalent harmonic solution f of (1.2) having the following properties:
(a) .f(U)c-Q,f(O)=O, andf,(O)>O.
(b) The cluster set C(,f, e") off at ei' is a singleton and lies on a!2 for all eir outside a countable set E c au. For an exceptional e", C(,f e") is a straight-line segment in 52 v a!2 joining two points of X2. THEOREM B. In addition to the hypotheses of Theorem A, Q is strictly starlike (i.e., each radical line from the origin intersects iK? in exactly one point) and if jlull o = sup( la(z)1 : z E U) < 1, then the solution in Theorem A is unique and maps U onto Q.
Unlike the case of conformal mappings (a = 0), we cannot simply make use of the usual transformation g(z) = l/f( l/z) since it does not preserve harmonicity. Nevertheless, it is natural to expect Theorems A and B to hold also for exterior mappings. Surprisingly, they do not in this generality.
In Sections 3 and 4 we determine the set of all univalent harmonic orientation-preserving mappings f of A for which f( 03 ) = 00 and f(A) = C*\(p) for some p E @ and the dilatation functions for which there is no suitable normalized univalent solution of (1.2) mapping A onto a given domain Q. In Section 5 we give an existence theorem (Theorem 4.1) which corresponds to Theorem A. The uniqueness of the mapping is shown in Section 6 for particular classes of domains. Finally, we investigate in Section 7 univalent harmonic mappings between annuli, and we give in Section 8 answers to two questions raised by J. C. C. Nitsche [7] .
ZEROS AND THE ARGUMENT PRINCIPLE
Let f be harmonic and orientation-preserving on an arbitrary domain D. Then f is pseudoanalytic of the second kind in the sense of L. Bets [ 11. If fvanishes at a point zO, then f has the local behaviour f(z) = A(z -zoy + Aa(z,)(z -zo)" + O((z -z(Jn+ ') for some A # 0 and some natural number n. We then say that f has a zero of order n at zO. Similarly, if z, E D is an isolated singularity off and if f tends to infinity as z approaches z,, then the local behaviour off is
for some A # 0 and some natural number m. We then say that f has a pole of order m at zr. We shall use several times the following argument principles. In Sections 6 and 7 we shall use these argument principles in conjunction with the following observation. If z,(e"), j= 1, 2, describe disjoint Jordan curves surrounding the origin in the positive sense, and if d = 2, -z2, then
(1/2x) /:n d arg $(e") = 1.
ONE-POINTED PLANE MAPPINGS
In this section we describe the set of all univalent harmonic and orientation-preserving mappings .f on d for which f( cc ) = ~8 and .f(d) = C*\(p) for some p E C.
Let f be a univalent solution of (1.2) with respect to a given dilatation function a, and put
Then ulc,f is a univalent solution of (1.2) with respect to the dilatation function In what follows, we shall need the following two lemmas. The following result characterizes the set of all univalent harmonic mappings on A for whichf(co) = (~3 andf(d) = @*\(p} for some PE @. Proof. Let a be of the form (3.6). Then
is harmonic and is a solution of (1.2). Put Since IBI < 1 and IsI < 1, they can be chosen to satisfy ICI < 1 and Idl61. 1
In the next section we shall see that F(A) = C*\ { p } for some p E C, if and only if F is of the form (3.7) for some ICI < 1 and some IdI 6 1.
A NONEXISTENCE THEOREM
THEOREM 4.1. Let Q be a simply connected domain in the extended plane @* containing the point at infinity, and suppose that 1352 contains at least two points. Zfa is of the form (3.6), then there is no univalent solution f of (1.2) which maps A onto Q and satisfies f( oo) = CC and fi( co)/A > 0.
ProoJ Suppose, to the contrary, that such a mapping f exists. First, assume that the complement of Q has a nonempty interior, and choose a point p in it. Let F be the mapping (3.7), which is a solution of the same partial differential equation and satisfies F( co ) = cc, F(A) = C*\( p}, and F=,(a) = A. Then the reallinear combinaton
, hence, is orientation-preserving. In fact, it follows from (1.3) that the unbounded terms at infinity cancel, and so cp is bounded. Thus
is harmonic and orientation-preserving on the unit disk U. For r > 1, let yr denote the positively oriented circle IzI = r. Then f(y,) -p winds once around the origin. At the same time, F(y,) -p remains very close to the origin if r is sufficiently close to 1. Therefore, cp(y,) winds once in the positive sense about the origin for P close to 1. The orientation reverses for @, and so However, this is in contradiction to the argument principle of Theorem C, which implies that this integral is nonnegative.
If the complement of Q has empty interior, then choose p on (752 and let @ be as in (4.1). As before, @ is harmonic and orientation-preserving on U.
Sincef and F are bounded near /:I = 1, we conclude that @ is bounded on U. In fact, its cluster set at the boundary is the translation of aQ by p. However, the complement of this set has no bounded component. Thus @ cannot be open. The alternative is that @ is constant, but the translate X2 -p contains at least two points. In any case, we are led to a contradiction. 1
Evidently, the function (3.7) maps d onto C*\ (p). The argument in the last paragraph of the proof above shows the converse. 
AN EXISTENCE THEOREM
We are now ready to give a corresponding version of Theorems A and B for exterior harmonic mappings. THEOREM 5.1. Let Q be a simply! connected domain qf the extended plane @* containing the point at infinity, and suppose that XI is locally connected. Let a E H(A), ia(z)l < I ,fbr all z E A, and L E @\{O) he given. Assume that either (i) a is not of the form (3.6) or (ii) a is of the,form (3.6) and L/A is not reul. (b) The cluster set C(j; e") of,f at eir is a singleton and lies on 852for all err outside a countable (possibly empty) set E c ad. For an exceptional e", C(f, ei') is a straight-line segment in Sz v aQ joining two points of dQ. To establish this theorem, we shall proceed in several steps. The proof of the first lemma is the same as the proof of Theorem 4.1 in [3] . In the next lemma we prove Theorem 5.1 for particular domains and dilatation functions. 
UNIQUENESS THEOREMS
In this section we consider mappings to special domains. DEFINITION 6.1. Let Q be a simply connected domain in C* containing the point at infinity.
(a) 52 is strictly costarlike, if each radial line from the origin hits the boundary 8Q in exactly one point of C\(O).
(b) s2 is coconvex if the interior of C\Q is a nonempty convex domain.
Our first result in this section is a form of a subordination principle. In many cases it is preferable to fix in advance the argument off(z,) for a given z0 in d instead of the argument of f:( co). Therefore, {f,: 0 6 t < 27rf is compact with respect to locally uniform convergence. Let {t,,} be any sequence converging to r. Then there is a subsequence of {f,,,} which converges locally uniformly to a univalent solution F of (1.2) satisfying F( co ) = cc and F=( CC ) ei7 > 0. Since no collapsing can occur, we have F(A) = 9. From Theorem 6.3 we conclude that FE f,.
Therefore, the orbit ft(zO) is continuous in t. Hence it describes a closed curve in Q.
Using Theorem D we proceed now in a slightly modified way from the proof of Theorem 6.2. Suppose that the orbit fJz,), t E [0,27c], is not a simple closed curve which goes once around the complement of Q and therefore around the origin. Then there are at least two distinct points 0 < t, < t, < 2n such that arg(f,,(z")) = arg(fJz,)). Assume that Ih,(zo)l ' If,2(ZO)l~ put
Since As a consequence, f can be decomposed into the sum of two harmonic functions f = f, + fi, where fi is harmonic in 1 z( < r2 and fi is harmonic in /zj > r,. We shall always assume that the outer boundary is mapped onto the outer boundary and that, for a given point z0 in A(r,, rZ), we have f(zO) = 1 (so that R, < t < R,). If f is conformal, then f is uniquely determined. In this section we show that this uniqueness result holds also for univalent solutions of (1.2) with respect to a given dilatation function a, but that the existence may fail. We have essentially the following four cases:
Since f is bounded at the origin, it is a removable singularity for f and, hence, for a. The bounded entire function a is necessarily constant, say a(z) = LY. The only such mappings of @ that satisfy also the normalizations f(0) = 0 and j(zO) = 1 are the afftne mappings Again the origin is a removable singularity for f and a. Since aU is of positive harmonic measure, we conclude that R2 < co. Hence we are led to univalent solutions of (1.2) which map U onto a disk{ w: IwI CR,} and satisfy the normalizations f(0) = 0 and f(z,,) = 1. Note that R2 is not given in advance. There are several dilatation functions a for which no univalent solution f of (1.2) has the above properties. For instance, this is the case if a is a finite Blaschke product [4, Theorem 3.33 . However, we have the following: THEOREM 7.1. Let a E H( U), la(z)1 < 1 for all z E U, and let z0 E U\(O).
Then there is at most one univalent solution f of fT = af; such that ,f(O) = 0, f(z,)= 1, andf(U) is a disk centered at the origin.
Proof. Suppose that f, andf, are distinct mappings with the properties above. Put @ =fi -fi. Since Q, has at least two zeros, at 0 and zO, we conclude from the argument principle Theorem C that the radii of the image circles have to be the same for both mappings. Indeed, if they differed, then the change in the argument of @ on dU would equal 1.
Next, put @, = [ 1 + E] fl -fi for E 3 0. Then for E > 0 there is an r,E (0, 1) such that
for all r E (rE, 1). Since Qe(0) = 0, it follows that J, = 1 for all r E (0, 1) and all E > 0. But J, converges to J, as E tends to zero, and we have seen that Jo z 2. This is the desired contradiction. 1 7C. The Case r, = 1 and rZ = co If R, < co, then f would have a removable singularity at cc and f( cc ) would be a singleton. Therefore R, = co. Consequently, this case is treated in Theorems 4.2 and 6.4.
7D. The Case r, = 1 and rl < rz < co As in the case 7B, we conclude that R2 < co. However, it is possible that R, = 0. For instance, consider f(z) = z -l/Z, for which a(z) = 1,'~~.
First, we want to show that mappings having the desired properties do not exist for some dilatation functions a. If,(z)1 ~~Ilfll,(r2-rI)/C(r~-l4)(lzl -r,)l. The following theorem gives the corresponding uniqueness result. Denote by J, the integral above applied to @,. Then, for sufficiently small E > 0, we have J, = 0 for all r, -C p, < pz < rz. But J, converges to Jo as F .f(i)= CT-r'/ill(l -r2) (8.1) belong to X(r, 0) for each rE (0, l), i.e., they map A(r, 1) onto A(0, 1). Note that in this case the outer boundaries correspond and that a(;) = r'/i". Cl/~,,-lnI~,,I'-~llo,, (8.2) belongs to X(r(p), 0). Its dilatation function is a = I/I/,, and so this .f,, is certainly not of the form (8.1). By choosing $p either to interchange or to preserve inner and outer boundary components, the function f, will either preserve or interchange inner and outer boundary components. which does not map concentric circles onto concentric circles. We conclude that the same property holds for the mappings f, =fi 0 Gp = F( I/$,)/g,, if p is sufficiently close to 0.
We may apply similar considerations for mappings Ic/, that interchange the inner and outer boundary components.
